We remark that Thm. B is equivalent to the statement that, for n large, the group K q (A, I) embeds as a direct summand in TC n q (A, I; p) and that the limit system of cokernels satisfies the Mittag-Leffler condition and has limit zero.
Let f : A → B is a map of unital associative rings and I a two-sided ideal of A that is mapped isomorphically onto a two-sided ideal of B. Then one defines the bi-relative K-theory spectrum K(A, B, I) to be the mapping fiber of the map of relative K-theory spectra K(A, I) → K(B, f (I)) induced by the map f . It follows that there is a long-exact sequence of homotopy groups · · · → K q (A, B, I) → K q (A, I) → K q (B, f (I)) ∂ − → K q−1 (A, B, I) → · · · .
We prove the following result.
Theorem C. Let f : A → B be a map of unital associative rings, let I ⊂ A be a two-sided ideal and assume that f : I → f (I) is an isomorphism onto a two-sided ideal of B. Suppose that the prime number p is nilpotent in A. Then, for every integer q, the bi-relative group K q (A, B, I) is a p-primary torsion group of bounded exponent.
We remark again that Thm. C implies that completion map We again note that Thm. D is equivalent to the statement that, for n large, the group K q (A, B, I) is a direct summand in TC n q (A, B, I; p) and that the limit system of cokernels satisfies the Mittag-Leffler condition and has limit zero.
Finally, we mention that the main motivation for the work reported in this paper was the application of Thms. B and D to the proof in [12, Thm. B] that the mapping fiber of the cyclotomic trace map K(X) → {TC n (X; p)} satisfies descent for the cdh-topology on the category of schemes separated and essentially of finite type over an infinite perfect field k of positive characteristic p, provided that resolution of singularities holds over k. The main advantage of the functor {TC n q (−; p)} that appears in the statement of Thms. B and D in comparison to the functor TC q (−; p) that appears in McCarthy's theorem [22] is that the former preserves filtered colimits while the latter, in general, does not. Therefore, replacing the latter functor by the former, the methods of sheaf cohomology become available.
We recall that a pro-object of a category C is a functor from a directed partially ordered set to the category C and that a strict map between two pro-objects with the same indexing set is a natural transformation. A general map from a pro-object X = {X s } s∈S to a pro-object Y = {Y t } t∈T is an element of the set Hom pro −C (X, Y ) = lim T colim S Hom C (X s , Y t ).
In particular, a pro-object X = {X s } s∈S in a category with a null-object is zero if for all s ∈ S, there exists s ′ ≥ s such that the map X s ′ → X s is zero. We will often omit the indexing set S from the notation. It is then understood that the indexing set S is the range of all indices that are not assumed to be fixed.
Non-connective K-theory and the cyclotomic trace map
In this section, we show that the cyclotomic trace map extends to a map from the Bass completed non-connective K-theory to topological cyclic homology. We first briefly review topological cyclic homology and the cyclotomic trace map and refer to [21, Sect. 1] and [16] for details.
Let A be a unital associative ring. The topological Hochschild spectrum T (A) is a symmetric orthogonal T-spectrum, where T is the multiplicative group of complex numbers of modulus 1. Let p be a prime number, and let C p n−1 ⊂ T be the subgroup of the indicated order. We define
T to be the fixed point spectrum of the function T-spectrum F ((T/C p n−1 ) + , T (A)). Its homotopy groups are the equivariant homotopy groups
There are two maps of symmetric orthogonal spectra
called the restriction and Frobenius maps. The symmetric orthogonal spectrum TC n (A; p) is defined to be the homotopy equalizer of the maps R and F and the topological cyclic homology spectrum to be the homotopy limit
where the structure maps are the maps induced by the restriction maps. We also consider the homotopy limits TR(A; p) = holim
of the spectra TR n (A; p) with respect to the restriction and Frobenius maps, respectively. The Frobenius map induces a self-map of TR(A; p), and TC(A; p) is canonically isomorphic to the homotopy equalizer of this map and the identity map. Similarly, the restriction map induces a self-map of TF(A; p) and TC(A; p) is canonically isomorphic to the homotopy equalizer of this map and the identity map. In particular, we have long-exact sequences of homotopy groups 
In general, the groups TR q (A; p) and TC q (A; p) are not p-primary torsion groups of bounded exponent. For example, TC 0 (
We consider the diagram of canonical inclusions
The following result shows that TR n * (−; p) is a Bass complete theory. Proposition 1.2. Let A be a unital associative ring. Then, for all prime numbers p, all integers q, and all positive integers n, the sequence 
that, on the first summand, is the map ι induced by the A-algebra homomorphism 
becomes an isomorphism after localization away from p. Therefore, it will suffice to prove the statement for n = 1. In this case, the description of TR The sequence of Quillen K-groups 
from the Waldhausen K-theory spectrum K Q (A) to a new spectrum K B (A) whose homotopy groups in negative degrees are canonically isomorphic to the Bass negative K-groups and the map of homotopy groups induced by the map c is an isomorphism in non-negative degrees. We may similarly apply the Bass completion of Thomason-Trobaugh to the topological cyclic homology functor. Proof. It follows from Prop. 1.2 that the sequence
is exact, for all integers q, and that the right-hand map ∂ t has a section given by multiplication by the image d log[t] by the cyclotomic trace of t ∈ K 1 (Z[t ±1 ]). This implies that the Bass completion map
is an isomorphism, for all integers q. This, in turn, implies that the Bass completion map of the statement is an isomorphism, for all integers q.
The cyclotomic trace map is a natural map of symmetric spectra tr : 
where the lower horizontal map is the map of Bass completed theories induced by the cyclotomic trace, and where, by Cor. 1.3, the right-hand vertical map is a weak equivalence. This gives the desired extension of the cyclotomic trace map to a map from the non-connective Bass completed K-theory spectrum to the Bass completed topological cyclic homology spectrum. In the following, we do not distinguish the topological cyclic homology spectrum and its Bass completion and we write tr :
for the lower horizontal map in the diagram above.
The relative theorem
The proofs of Thms. A and B are based on the description in [15, Sect. 2] of the topological Hochschild T-spectrum of split square zero extension of rings. We briefly recall this description.
We let A be a unital associative ring, let I ⊂ A be a two-sided square zero ideal with quotient ring B = A/I and assume that the canonical projection of A onto B admits a ring section. In this case, we recall from [16, Prop. 2.1] that there is a wedge decomposition of T-spectra
where the wedge sum ranges over the set of positive integers. We remark that the spectrum T (B ⋉ I; r) was denoted T r (B ⊕ I) in op. cit. We write the induced direct sum decomposition of equivariant homotopy groups as 
where the right-hand group is understood to be zero, if p does not divide r. The lefthand group is the qth group homology of C p n−1 with coefficients in the T (B ⋉ I; r) and is the abutment of the strongly convergent spectral sequence
It follows immediately from the definition of the T-spectrum T (B ⋉ I; r) that the homotopy groups TR 1 t (B ⋉ I; r; p) = π t T (B ⋉ I; r) are zero, for t < r − 1. Hence, the spectral sequence and long-exact sequence above imply that the restriction map
is an isomorphism, for q < r − 1, and an epimorphism, for q = r − 1. In particular, for every n and q, only finitely many summands in the direct sum decomposition of the group TR n q (A, I; p) are non-zero. Lemma 2.1. Let p be a prime number, and let X be a spectrum whose homotopy groups are p-primary torsion groups of bounded exponent. Then, for all integers q, the canonical map defines an isomorphism of pro-abelian groups
Proof. The coefficient sequences give a short-exact sequence of pro-abelian groups
and the map of the statement factors through the canonical projection
The latter map is an isomorphism of pro-abelian groups, since the structure maps in the target pro-abelian group are isomorphisms, for v is strictly larger than the exponent of π q (X). Similarly, the pro-abelian group on the right-hand side in the short-exact sequence above is isomorphic to zero, since, for v larger than the exponent of π q−1 (X), the structure map
is zero. This completes the proof. 
Proof. We consider the diagram of canonical maps of pro-abelian groups
We have previously proved in [11, Thm. 2.1.1] that the the lower horizontal map is an isomorphism. Moreover, by Lemma 1.1, the groups TC n q (A, I; p) are p-primary torsion groups of bounded exponent, and hence Lemma 2.1 shows that the righthand vertical map is an isomorphism. Therefore, the statement of the theorem is equivalent to the statement the left-hand vertical map is an isomorphism which, in turn, is equivalent to the statement that the groups TC q (A, I; p) are p-primary torsion groups of bounded exponent.
We first assume that I ⊂ A is a square zero ideal and that the canonical projection of A onto the quotient ring B = A/I admits a ring section. We use the wedge decomposition of T (A, I) which we recalled above to give a formula for the spectrum TC(A, I; p). First, for the homotopy limit with respect to F , we find
where the second map is a weak equivalence since, for every n and q, the homotopy groups TR n q (B ⋉ I; r; p) are non-zero for only finitely many r. We rewrite the product on the right-hand side as
where I p denotes the set of positive integers not divisible by p. Then the restriction map takes the factor indexed by (j, v) to the factor indexed by (j, v − 1). Hence, taking the homotopy equalizer of the restriction map and the identity map, we obtain a weak equivalence
We argued in the discussion preceeding Thm. 2.2 that the restriction map
is an isomorphism, if q + 1 < p v−1 j. Hence, the Milnor short-exact sequence for the homotopy groups of a homotopy limit shows that, for 1 j q + 1, the canonical projection induces an isomorphism
where s = s p (q, j) is the unique integer such that p s−1 j q + 1 < p s j, and that for q + 1 < j, the homotopy group on the left-hand side vanishes. Therefore, to show that TC q (A, I; p) is a p-primary torsion group of bounded exponent, it suffices to show that, for all integers q and s 1 and all j ∈ I p , TF q (B ⋉ I; p s−1 j; p) is a p-primary torsion groups of bounded exponent. Now, from [19, Thm. 2.2], we have the following cofibration sequence of spectra
and taking homotopy limits with respect to the Frobenius maps, we obtain the following cofibration sequence of spectra
Hence, by induction on s 1, it will suffice to prove that, for all s 1 and j ∈ I p , the homotopy groups of the homotopy limit on the left-hand term are p-primary torsion groups of bounded exponent. We recall the spectral sequence
see [18, Sect. 4 ] for a detailed discussion. Since the spectral sequence induces a finite filtration of the abutment, we obtain a spectral sequence of pro-abelian groups
where the pro-abelian groups are indexed by integers n 1, and where the structure maps in the pro-abelian groups are the Frobenius maps. On E 2 -terms, the Frobenius map induces the transfer map in group homology
which is readily evaluated [18, Lemma 6] . The result is that there are isomorphisms of pro-abelian groups It follows that, for all integers q, {H q (C p n−1 , T (B ⋉ I; p s−1 j))} is isomorphic to a constant pro-abelian group and that this constant pro-abelian group is a p-primary torsion group of bounded exponent. But then the canonical map
is an isomorphism of pro-abelian groups, and hence, the left-hand group is a pprimary torsion group of bounded exponent as desired. This completes the proof of the theorem in the case where A is a split square zero extension.
We next let I ⊂ A be any square zero ideal and show that, for all integers q, the pro-abelian group {TC n q (A, I; p)} is isomorphic to a constant pro-abelian group. This implies that, for all integers q, the map of the statement is an isomorphism of pro-abelian groups. We choose a weak equivalence of simplicial rings 
is again a weak equivalence. In this case, there is a spectral sequence
, for every integer n 1. Since the filtration of the group in the abutment is finite, we obtain a spectral sequence of pro-abelian groups admits a ring section. Therefore, by the case considered earlier, we conclude that, for all integers s and t, the pro-abelian group {E 1 s,t } is isomorphic to a constant pro-abelian group. This implies that, for all integers q, the pro-abelian group {TC n q (A, I; p)} is isomorphic to a constant pro-abelian group. Indeed, the category of constant pro-abelian groups is a full abelian subcategory of the abelian category of all pro-abelian groups. This completes the proof in the case where I ⊂ A is a square zero ideal.
Finally, we show by induction on m 2 that the map of the statement is an isomorphism of pro-abelian groups, if I ⊂ A is a two-sided ideal with I m = 0. The case m = 2 was proved above. So let m > 2 and assume that the statement has been proved for smaller m. We consider the long-exact sequence
By induction, the right and left-hand groups both are p-torsion groups of bounded exponents, and therefore, so is the middle group. This completes the proof.
Proof of Thm. A.
The arithmetic square [3, Prop. 2.9] gives rise to the following long-exact sequence where the two products range over all prime numbers:
The theorem of Goodwillie [14, Main Thm.] identifies K q (A, I)⊗Q with the relative negative cyclic homology group HC − q (A ⊗ Q, I ⊗ Q) which, in turn, is zero, since p is nilpotent in A. Similarly, McCarthy's theorem [22, Main Thm.] shows that, for every prime number ℓ, the cyclotomic trace map induces an isomorphism
Since p is nilpotent in A, this group vanishes, for ℓ = p. Moreover, Thm. 2.2 implies that the completion map TC q (A, I; p) → TC q (A, I; p, Z p ) is an isomorphism and that the common group is a p-primary torsion group of bounded exponent. We conclude that the cyclotomic trace is an isomorphism
and that K q (A, I) is a p-primary torsion group of bounded exponent as stated.
Proof of Thm. B. The map of the statement is equal to the composition
K q (A, I) → TC q (A, I; p) → {TC n q (A, I; p)} of the cyclotomic trace map and the canonical map. We saw in the proof of Thm. A above that the former map is an isomorphism, and we proved in Thm. 2.2 that the latter map is an isomorphism. The theorem follows.
The bi-relative theorem
In this section, we prove Thms. C and D of the introduction. We view the ideal I as an associative ring without unit and form the associated associative ring with unit Z ⋉ I defined to be the product abelian group Z × I with multiplication
We recall that Suslin has proved in [23, Thm. A] that, if Tor
Z⋉I q (Z, Z) vanishes, for all q > 0, then the bi-relative group K q (A, B, I ) vanishes, for all q. We prove the following result in a similar manner. Proof. We have a long-exact sequence of pro-abelian groups
Since the pro-abelian group {Tor Z⋉(I m ) q (Z, Z)} is zero, for all q > 0, we conclude from the proof of [10, Thm. 1.1] that the left-hand pro-abelian group is zero, for all integers q. The theorem follows.
Remark 3.2. We do not know whether the canonical map
is an isomorphism of pro-abelian groups, if the assumption that the pro-abelian groups {Tor
We to show in Prop. 3.6 below that hypotheses of Thm. 3.1 are satisfied, if the ideal I can be embedded as an ideal of a free unital F p -algebra. We first discuss a slight generalization of the non-standard homological algebra in Suslin's paper [23] . Let k be a commutative ring, and let {I m } be a pro-non-unital associative k-algebra. We define a left {I m }-module to be a pro-k-module {M m } and, for every m 1, a left I m -module structure on M m such that, for all m n 1, the diagram
where the horizontal maps are the module structure maps and the vertical maps are induced from the structure maps in the pro-k-modules {I m } and {M m }, commutes. 
Proof. We have a commutative diagram
, and for q > 0,
The lemma follows. 
Then, for every pseudo-free left {I m }-module {P m } and every q 0, the pro-abelian group
Proof. This is proved as in [10, Prop. 1.7] by induction on q 0. The additional assumption in loc. cit. that, for every left {I m }-module {M m }, the pro-abelian group F 0 ({M m }) be zero is unnecessary. Indeed, the proof of the induction step given in loc. cit. also proves the case q = 0.
We remark that, in Prop. 3.4, the functors F q are not assumed to be additive. Let α : k ′ → k a ring homomorphism, and let {I m } be a pro-non-unital associative k-algebra. We define {I α m } to be {I m } considered as a pro-non-unital associative k ′ -algebra via α and call it the associated pro-non-unital associative k ′ -algebra. Similarly, if {M m } is a left {I m }-module, we define {M 
is zero, for all integers q > 0.
Proof. The short-exact sequence of left k
induces a long-exact sequence of pro-abelian groups
It shows that the boundary map is an isomorphism of pro-abelian groups
α m )}, for all q > 0. Therefore, the statement will follow from Prop. 3.4, once we show that the functors F q , q 0, from the category of left {I m }-modules to the category of pro-abelian groups defined by 
For the left-hand side, the skeleton filtration gives rise to a spectral sequence that converges to the homotopy groups of the geometric realization. By [8, Thm. 2.1], we obtain the identification
). For the right-hand side, the augmentation ǫ induces a weak equivalence
which, by [13, Prop. VII.3.6] , induces a weak equivalence
We conclude from [8, Thm. 2.1] that
. Hence, we have a spectral sequence 
Proof. By Prop. 3.5, it suffices to show that, for all q > 0, the pro-abelian group
is zero. Since F p is a field, the Tor-groups in question are canonically isomorphic to the homology groups of the normalized bar-complex
which takes the form
We define a chain-homotopy from the chain map
induced by the canonical inclusion to the chain map that is zero in positive degrees and the identity map in degree 0. Replacing I by I m , we may assume that m = 1. Suppose that I is a two-sided ideal in the free unital associative F p -algebra F . Then, as a left F -module, I is free, and hence, projective [4, Cor. 4.3] . It follows that the multiplication µ : F ⊗ I → I has an F -linear section α : I → F ⊗ I. We remark that α restricts to an I-linear map α :
is the desired chain-homotopy. We conclude that, for q > 0, the canonical inclusion of I 2m into I m induces the zero map
This completes the proof.
It was proved by Goodwillie [14, Lemma I.2.2] that the relative K-theory of a nilpotent extension of simplicial rings may be evaluated degreewise. We need the following analogous result for bi-relative K-theory. (A, B, I ).
Proof. We have a spectral sequence
obtained from the skeleton filtration of the geometric realization. Hence, it suffices to construct a weak equivalence of the symmetric spectrum K(A, B, I) and the symmetric spectrum
The definition of K-theory was extended to simplicial rings by Waldhausen [25] . Moreover, by op. cit., Prop. 1.1, the extended functor preserves weak equivalence such that, in the case at hand, the augmentations induce a weak equivalence
We proceed to relate the left-hand side to the symmetric spectrum given by geometric realization above. A, B, I) and the lemma will follow, if we prove that this map is an isomorphism.
By the arithmetic square [3, Prop. 2.9], it will suffice to show the map f induces an isomorphism of rational homotopy groups and, for every prime number p, an isomorphism of homotopy groups with Z/pZ-coefficients. For the rational homotopy groups, we compare the bi-relative K-groups to the corresponding bi-relative negative cyclic and cyclic homology groups. By [14, Sect. I.3] , the latter are also defined for simplicial rings. Hence, we may follow the proceedure above and define maps f HC − and f HC that makes the following diagram commute:
By theorems of Cortiñas [5, Thm. 0.1] and Cuntz-Quillen [6] , the vertical maps are isomorphisms. Moreover, it follows immediately from the definition of cyclic homology that the lower horizontal map is an isomorphism. Finally, for the homotopy groups with Z/pZ-coefficients, we compare the bi-relative K-groups to the corresponding bi-relative topological cyclic homology groups. The latter are defined by simplicial rings, and hence, we obtain the following commutative diagram: is an isomorphism, for all integers q and n 1. The cofibration sequence TC n (−; p) → TR n (−; p) → TR n−1 (−; p) → Σ TC n (−; p)
shows that it will suffice to show that the map is an isomorphism, for all integers q and n 1. Moreover, the cofibration sequence
from [19, Thm. 2.2] shows that it will suffice to show that f TR is an isomorphism, for n = 1 and for all q. Indeed, the functor H · (C p n−1 , −) commutes with geometric realization and preserves weak equivalences. Finally, the functor TR 1 (−; p) is the topological Hochschild homology functor THH(−), and we wish to show that is an isomorphism, for all integers q. This follows immediately from the definition of topological Hochschild homology. is a diagram of associative F p -algebras such that the right-hand square is a pullback square and such that the upper and lower left-hand horizontal maps are the kernels of the upper and lower right-hand horizontal maps. Now is a p-primary torsion group of bounded exponent, for all integers q and s 0. We conclude that, for every integer q, the group K q (A, B, I) is a p-primary torsion group of bounded exponent as stated.
Proof of Thm. D.
We consider the following diagram of pro-abelian groups: It follows from Thm. C and Lemma 2.1 that the upper horizontal map is an isomorphism. Similarly, Lemma 2.1 shows that the lower horizontal map is an isomorphism. Finally, we proved in [10, Thm. 1] that the right-hand vertical map is an isomorphism. Hence, the left-hand vertical map is an isomorphism as stated.
